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Precursor Photoexcitation and Photoionization
of Argon in Shock Tubes

RICHARD A. DOBBINS*
Division of Engineering and Center for Fluid Dynamics, Brown University, Providence, R. I.

A chemical kinetic model describing photochemical reactions that are likely to be im-
portant in "cold" argon ahead of a strong shock wave in a shock tube is examined on a quanti-
tative basis. The model includes the propagation of resonance radiation far from the shock
front in the wings of the resonance absorption line, imprisonment of the absorbed resonance
radiation, subsequent photoionization of excited atoms, photoionization of ground state
argon, and certain recombination and de-excitation processes. Specific consideration is
given to shock tube geometry, the finite extent of the equilibrium region and the (experi-
mentally) known shock tube wall reflectivity. Theoretical predictions of excited atom and
argon ion concentrations in the precursor region are presented for typical shock tube operat-
ing conditions. The regimes favorable to the production of argon ions by photoionization
of ground state argon and by photoionization of photoexcited argon, respectively, are de-
lineated.

Nomenclature

A 21 = spontaneous emission probability

B(i>i2,T({)) = Planck function evaluated at temperature T^
c = speed of light
eri,cr2 = first and second reflectivity constants
e — charge on an electron
/ = oscillator strength
QI = statistical weight of ground state
#2 = statistical weight of excited state
<7/2(*0 = Gaunt factor for photoionization cross section of

excited state
gti = escape probability from radiation imprisonment

theory
h = Planck's constant
3 = impurity concentration in parts per million
Iv — specific spectral intensity
Jv = average spectral intensity
KO = absorption coefficient at center frequency of a

spectral line
k = Boltzmann constant
KVW = spectral absorption coefficient
L = distance between shock wave pressure dis-

continuity and contact surface
Li = distance between the pressure discontinuity and

the equilibrium front
L% = distance between equilibrium front and the

contact surface
M = Mach number of shock wave
me = mass of an electron
nai = number of ground state atoms per unit volume
naz — number of excited state atoms per unit volume
na+ = number of argon ions per unit volume
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n* = effective principal quantum number
Qiz = photoexcitation rate from state 1 to state 2
Qzi = photoionization rate from state 2 to state i
p(1) = pressure upstream of shock wave
R = shock tube radius
Ry = Rydberg constant
/S(i) = line strength
TW = temperature in region i
TAO = frozen flow temperature behind the shock wave
u(l) = velocity of gas approaching shock wave as

measured in coordinates fixed in the wave
x = distance from shock front
x' = distance from the equilibrium region
a(2) = degree of ionization in the equilibrium region
(XL = semi-half width due to Lorentz broadening
A = frequency interval
f = distance measured in ratio x'/R
y] = distance measured in ratio x/R
6 = arctangent of R/xf

KX = atomic absorption coefficient
X = wavelength
\2i = wavelength corresponding to frequency vzi
v = frequency
vzi = frequency of radiation accompanying de-excita-

tion from excited state to ground state
vii = frequency of radiation accompanying recombi-

nation to first excited state
vn = frequency of radiation accompanying recombi-

nation to ground state
%(v,TW) = Gaunt factor for emission defined in text
<ri(v) = photoionization cross section of ground state

argon
0-2 (?) = photoionization cross section of excited argon
TV = optical depth
<J>+ = dimensionless ion concentration
</>2 = dimensionless excitated state concentration
^ = L2/R
P(i} = gas density
w = solid angle

Specie subscripts

= ground state
= excited state

Superscripts

= conditions upstream of the shock front
= equilibrium conditions downstream of the shock

front
= conditions at 1 or 2
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I. Introduction

THE discovery of precursor electrons ahead of strong shock
waves in argon contained in shock tubes in which the

driver is a compressed light gas is well documented.! Two
of the earlier reports on electron precursors that appeared
almost simultaneously were by Weymann1 and by Gloerson,2
and the former credits R. M. Hollyer as being the first to re-
port precursor effects in a document dated May 1957. There
has been experimental progress toward defining the level of
the precursor electron concentration on a quantitative basis.
Probably one of the more carefully conducted experimental
studies of the electron concentration ahead of a shock wave
in argon in a gas-driven shock tube is that of Lederman and
Wilson,3 whose measurements were made with a tuned micro-
wave cavity.

In the period intervening between the dates of the work of
Weymann and Lederman-Wilson there have been many
theoretical studies attempting to explain these observations.
Physical mechanisms first proposed were photoelectric effect
and diffusion of electrons from behind the shock front.1'2
Wetzel4 concluded that gradient type diffusion of electrons
could not produce the effects that had been observed. He
later suggested that photoionization of ground state argon
could be the important mechanism5 and this effect has been
further analyzed by Clarke and Ferrari.6

Photoioniz-ation of ground* state argon proves to be less
important at higher densities because the photon mean free
path for radiation of the relevant frequency is very small. On
the other hand, the resonance line radiation emitted by the hot
gas can propagate very large distances in the wings of the
resonance absorption line in the cold gas. Once a photon of
resonance radiation is absorbed, it will soon be re-emitted
with high probability near the center of the line where the
photon mean free path is again very small and its escape to
the wall of the shock tube is impeded. This latter condition
is referred to as the imprisonment of radiation. (The term
"imprisonment of radiation" as used by Holstein7 specifically
applies to the propagation of line radiation possessing a pho-
ton mean free path at the center of the line very small com-
pared with the dimensions of the container enclosing the gas.
The term "radiation trapping" is often used to describe the
same effect but the latter term is also used to describe different
effects relating to the absorption of radiation.) Thus, the
propagation of energy in the wing of the resonance line com-
bined with subsequent imprisonment provide a mechanism
that can operate to cause electronic excitation at distances far
ahead of the shock wave.

The literature of the Russian investigators in this area has
recognized these concepts from the outset. Biberman and
Veklenfeo,8 as early as I960, predicted electronic "excitation
temperature" one meter ahead of the shock wave only slightly
less than the equilibrium temperature behind the shock wave.
Lagar'kov and Yakubov9 proposed in 1962 that photoioniza-
tion of excited argon would lead to appreciable concentrations
of electrons ahead of the shock wave. Tumakaev and Luzov-
skaya10 described in 1965 what appears to be the first test of
the prediction of electronically excited species ahead of a
shock wave in mercury vapor. In a similar vein, Murty11

of the Indian Institute of Science recently examined the role
of line radiation on precursor ionization. His model was a
shock wave of infinite extent in a hydrogenic gas, and it in-
cluded the occurrence of photoexcitation by line radiation.

We wish to study precursor effects in argon within the con-
text of a kinetic model that includes the aforementioned
mechanisms. In almost all previous studies of shock wave
precursors and structure, the waves have been considered to
be infinite in extent. The analysis for the infinite shock wave
can be applied directly to shock tube experiment when only

viscosity and heat conduction are included. This is ob-
viously not the case when radiative effects become important.
Our model should take advantage of the relative abundance
of information available on argon that has originated from
studies in gaseous discharges, electron beams, and arc jets.
While we recognize that the precursor is itself a portion of the
shock structure, we will treat it as an appendage that may be
isolated for separate analysis. Finally, our aim is to learn
of the production excited states and electron-ionic argon
pairs, or simply argon ions, rather than the production of
electrons as has been emphasized in the experimental works
just cited. Our results will be more pertinent to future
studies that might employ devices to measure ions (mass
spectrometers) and excited states (optical spectrometers)
than it is to past studies with devices that measured electron
density. We adopt this viewpoint because electrons can be
produced by many processes, some of which are mentioned
below, whereas precursor excited states and ions are usually
only produced by those mechanisms that operate in the struc-
ture of a shock wave that is influenced by radiative effects.

II. Photochemical Kinetic Model and
Kinetic Rates

We consider the shock wave to consist of a precursor region
terminated by the translationai.shock wave or shock front, a'
collisional relaxation region, and a more extensive region also
of finite extent where the state of the gas is given by the appli-
cation of; equilibrium thermodynamics and the jump condi-
tions that express conservation of mass, momentum, and
energy. The equilibrium region is terminated by the contact
surface (see Fig. 1). Our aim will be to predict the concen-
tration of excited and ionized species on the axis of the cir-
cular shock tube in the precursor region at a distance f =
x/R ahead of the shock front. In our model we consider
argon to exist either in the ground state (3p6 1S0), or in an
excited state (3p5 4s 1P\), or as an ion in the 2P°3/2 state.
These states are represented by the subscripts 1, 2, and i, re-
spectively. Thus, all upper singlet states, all excited triplet
and ionic states are ignored. Figure 2 shows schematically
the simplified emission spectra vs. frequency of the hot gas.

We will be interested in examining the following series of
photochemical reactions that may be expected to occur in the
precursor region:

1) Production of excited species (Ar%) through photo-
excitation of ground state atoms (Ari) by propagation of the
resonance radiation, j/2i, from behind the shock front,

2) De-excitation of Ar2 by spontaneous emission in the
presence of radiation imprisonment,

+ (2)
3) Photoionization of excited argon by radiation of fre-

quency > Vi2,

Ar2 Ar+ (3)

4) Photoionization of ground state argon by radiation of
frequency > vn,

Qn
hv —> Ar+

t A large body of literature on the occurrence of precursors in
electri-ealry-driven shock tubes is excluded from consideration.

(4)

In addition to this we will comment on two other reactions
which appear potentially important:

5) recombination of Ar+ and e~ by collisional-radiative re-
combination, and

6) collisional de-excitation of excited argon by electron-
excited atom collisions. We discuss in detail the first four
of these reactions whose rate constants are indicated earlier.
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1, Photoexcitation of Ground State Argon

We evaluate the photoexcitation rate by computing the
number of photons absorbed per unit volume in the frequency
interval surrounding j/2i. This rate is expressed by the
integral

2M = ±TT f'""
J V2lA

where the average spectral intensity is given by

(5)

(6)

We have studied12 the transfer of resonance radia-
tion propagating along a ray passing through a finite slab of
hot gas into a region filled with a cold gas. We find the photo-
excitation in the cold gas occurs as a result of absorption in
the wings of the (low) pressure-broadened dispersion line.
The spectral variation of absorption in the cold gas is there-
fore given by

Kv(tt = aL(1)$(1)/7r(j> — *>2i)2 (7)

The relationship for the Lorentz semi-half width, <XL, in the
cold gas due to low pressure broadening recommended by
Breene,13 and attributed to Fursov and Vlassov,14 is

1(1)/X"21 (8),d)

We also find that the Doppler shift of the resonance line-
center frequency that would result from the relative motion
between the hot and cold gases in a shock wave is very small
compared to the width of the emission line in the hot gas.
The Doppler shift may therefore be neglected in computing
the photoexcitation rate in the precursor region. Finally we
find that, based on certain assumptions12 for the mechanisms
of line broadening in the hot gas and on estimates of slab
thicknesses, the intensity at the interface of the hot and cold
gases is the blackbody intensity over the frequency span
where absorption occurs in the cold gas. For present purposes
we will treat the equilibrium zone as a blackbody emitter in
the spectral range near the resonance line although this par-
ticular assumption must be improved when circumstances
warrant.

The local specific spectral intensity is then given by

exp (-Kvx' secfl) (9)

In expressing the radiation intensity in the form given by
Eq. (9), we have temporarily neglected re-emission in the cold
gas which will be considered when the effective de-excitation
rate is calculated. We insert Eq. (9) into Eq. (6) to evaluate
the average spectral intensity for a circular surface emitter.
The result is

(10)
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Fig. 2 Schematic diagram of hot gas emission spectrum.

where

exp(- rvz)77T / \
Hi n (Tv) — dz

The photoexcitation rate can be calculated by inserting Eqs.
(7) and (10) into (5). The details of this calculation are given
elsewhere12; the result is

612 =
where

f(rj) =

(11)

(12)

Fig. 1 Shock-tube geometry and coordinate system.

We note that for 77 2 » 1 the shock front emits as a point
source and we have

Thus, we see that a large 772, the excited specie generation rate
decreases as 77 ~°-5 due to absorption and as 77 ~2 due to geo-
metric attenuation. A correction to the geometric factor will
be made later to account for the partially reflective property
of shock tube walls to radiation that impinges at small angles
of incidence.

2. De-Excitation by Spontaneous Emission with
Radiation Imprisonment

An excited atom will exist prior to decay to the ground
state for an average period of time that is simply the re-
ciprocal of the spontaneous emission rate A2i, given by the
Einstein theory15 of radiation. This spontaneous emission
rate is

At pressures of 10 ~3 atm, the photon emitted by the
de-excitation process will be absorbed with high proba-
bility in a distance very small compared with the radius of a
shock tube. Thus, many successive absorption and re-
emission processes are required before the energy created in
the original de-excitation process reaches the wall. The pro-
cess is referred to as radiation imprisonment and it has been
extensively studied by Holstein,7-16-17 Phelps,18-19 and their
colleagues as well as by Biberman20-21 and his co-workers in
Russia. McWhirter22 has reviewed more recent theoretical
results on radiation imprisonment.

Holstein16 has calculated the probability of escape of im-
prisoned radiation when the dominant line-broadening
mechanism is the (low) pressure broadening in the dispersion
portion of the line profile. Using the Fursov-Vlassov relation,
Eq. (8), for the Lorentz semi-half width, HolstehVs result is
expressed19 as

ga = 1.115/(3^37r) [\2i/R]m = 0.205 [X2i/#]1/2 (14)
The effective de-excitation rate is simply the product of

Eqs. (13) and (14). Thus the transmission equation, Eq. (9),
is used to give the initial photoexcitation rate due to the ab-
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sorption of resonance radiation that originates in the equilib-
rium region, and Holstein's solution for cylindrical geometry
to the full radiative transfer equation is used to obtain the
net de-excitation rate in the cold gas of the precursor region.
The theory of radiation imprisonment gives predictions that
agree well with experiment in the limited number of tests
that have been performed.17'19

In adopting Holstein's solution to the transfer of resonance
radiation in the cold gas we must fulfill the various imposed
assumptions, two of which are worthy of further discussion:

1) The boundary condition used by Holstein in his solution
to the resonance radiative transfer is that the gas is enclosed
by a nonreflecting wall. We comply with this condition by
asserting that the wall is a perfect absorber for resonance
radiation that is re-emitted by the cold gas. The angle of
incidence of the resonance photons passing to the wall by suc-
cessive emission and absorption will be nearly normal and the
absorptivity of an oxide-coated metallic surface would be ex-
pected to be high. Excited atom concentration would be in-
creased in proportion to the reciprocal of one minus reflec-
tivity. Thus, an effective reflectivity of 20% would augment
excited state concentration only by 25%.

In a subsequent section, we will treat the wall as partially
reflecting in order to account for its influence on radiation
from the equilibrium region that impinges upon the wall at
grazing angles. In that case, we will offer an operational defi-
nition of wall reflectivity and will cite experimental measure-
ments of this quantity.

2) The excited atom concentration will possess both radial
and axial gradients and the latter will result in diffusion of
excited atoms ahead of the shock wave. We have estimated,
a posteriori, the volumetric production of excited atoms by
absorption of resonance radiation divided by the diffusive
accumulation of the same. We find this ratio to be 10+4 or
greater for the numerical results cited below, and therefore
radiative generation entirely dominates over diffusive ac-
cumulation. The local escape probability is therefore influ-
enced only by the radial geometry which is considered by
Holstein's theory. The magnitudes of the radial and axial
gradients are found to be numerically equal at a distance of
about one shock tube diameter from the shock front.

3. Photoionization of Excited Argon

The local rate of photoionization of excited argon is found
by evaluating the local rate of absorption of photons in fre-
quency range Viz < v < <». That is,

where

Qti = 47T f"
Jvli

(15)

The photoionization cross section of excited argon is given
by Schliiter23 in the following form:

02 (16)

where the Gaunt factor gf2(n*,e) depends on the effective
principal quantum number, n*, and also the electron energy,
e, given by

e = l/Ry\ - 1/n*2 (17)

For the vi2 cutoff frequency of the lPi state of argon 7, Schlii-
ter24 gives n* = 1.8197 and 0,2(n*,0) = 0.01195. With these
numbers we find the photoionization cross section to be
1.67 X 10~19 cm2, which is in general agreement with an esti-
mate of this cross section given by Lagar'kov and Yakubov.9
The cross section at higher frequencies is then expressed as

0-2 = 1.67 X 10 ~19 cm2

The radiant intensity in the subordinate continuum, i.e.,
the Viz spectral range, is formulated by noting that the optical
depth in this spectral region is small compared with unity in
both the equilibrium region and the precursor region. The
local specific spectal intensity in the form obtained by taking
KV^L* « 1 and Kv™x' « 1 is

Iv(0) (19)
We determine the average intensity at a point on the axis of a
right circular cylinder a distance 77 cylinder radii from the
equilibrium front. The result of the calculation is

(20)
where

00?) = 2 j^ [(02 - ft) - Tjln !Jj|] + In secft j (21)

and
sec0! = [1 + (77 + i/0~2]+1/2 sec02 = (1 + 7T2)+1/2

\f/ = L2/R, and 77 = x'/R
When ^ <<C 77 and 77 2 ^>> 1, then the terms in the square bracket
vanish and we have g^ ^> 1) -> 77 ~2. Thus, at large dis-
tances from the shock front, we recover the inverse square
law geometric attenuation for the spectral intensity of the
subordinate continuum, which is not strongly absorbed in
either the hot or cold gas.

The atomic absorption coefficient, KX, is given by the fol-
lowing equation,23-25 similar to a corresponding relation due
to Unsold,

ch
hvn

exP i~T^ kT
(22)

where

= 327r2e6/3(3)1/2/*3c3

In Eq. (22) we have approximated the ratio of the statistical
weights of the ion and atom as 6.0, and the factor %(v,T)
represents the quantum mechanical correction factor for de-
parture from hydrogenic behavior.

By combining the Planck function with Eq. (22) multi-
plied by the ground state atom concentration in the equilib-
rium region, fiai(2), we obtain

(23)exp -

We insert Eqs. (18, 20, and 22) into Eq. (15) and obtain

where

(24)

(25)

(26)

Viz) = (18)

ft(rc«) - 3

Si^ = hvn/kT™, and A2 = 128 7r3e6/c/3(3)1/2c3/i4 = 2.494 X
10+4 °K~1 sec""1. In the hydrogenic approximation %(v,T),
gr/2(^)^and Gz(T™) are all equal to unity. In our calculations,
we use Schltiter's23 values of the %(v,T) function which do not
involve the concept of a cutoff frequency. Some values of
£(V,Tf)23 appropriate to the v^ frequency range are quoted,
along with values of 0/2(j>),24 in Table 1. With these quanti-
ties, we find the Gaunt integral can be expressed as

= 0.194(r(2Y10+4) - 0.065 (27)
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In using Schliiter's t-(v,T) factor, we are including the effect
of radiation formed not only by recombination to the first
excited state, but also to all higher states when an electron
possesses sufficient energy to give rise to radiation in the v&
frequency range. Thus, while our model accounts for only a
single excited state in the cold gas, we do include the effect
of all excited states in the hot gas when the spectral quality
of the emitted radiation is calculated. It is important to
include these components of radiation in the v^ frequency
range because of the small value of the absorption (emission)
cross section, cr2(Vz2).

Resonance radiation can also cause photoionization of
excited argon. No important contribution to photoioniza-
tion was found by the resonance radiation in the cases we
cite below and we omit this calculation from the present
discussion.

4. Photoionization of Ground State Argon

The photoionization of ground state argon is calculated
by evaluating the rate of absorption of photons of sufficient
energy to cause direct ionization of ground state argon. The
rate of absorption of photons of frequency v > vn per ground
state atom is

/ •oo

Qli = 47T /
•'I'll

<ri(v)Jv

hv
dv (28)

It is reasonable to assume the equilibrium region emits as a
black body in the spectral region vu < v < °°. For the black-
body emission the average intensity on the axis of the shock
tube is again given by Eq. (10).

The photoionization cross section, <TI, of ground state argon
has been measured by Samson,26 and over a frequency range
of from vn < v < *>,-, its value is close to 34 X 10 ~18 cm2

where Vj = 1.67 vn. For the frequency region beyond Vj
where Samson reports a cross that decreases as v~5-5 we find
no contribution of importance in the cases cited below when
the integral expressed, Eq. (28), is evaluated from Vj to °°
by the method steepest descent. Thus, we express the direct
photoionization rate as

Qu = (29)

with

6(77) = E2(rRrj) - (1 + 77-2)-1/2#2[TjB77(l + ?T2)+1/2] (30)

and

-£'-hv (31)

where TR is the optical depth based on shock tube radius,
TR = ainai(1)R. The upper limit of the integral, Eq. (31),
makes no contribution and, therefore, the important fre-
quencies for the production of argon ions are near the cut-off
of the primary continuum. The evaluated form of the
integral, Eq. (31), is

*>,-i,Sti(2)) = (2/c2)v,i8[e-s'l(7('S.i(2))2] [&i(2) + 2] (32)

5. Shock-Tube Reflectivity Function

The photoexcitation rates given earlier have been calculated
on the basis that no reflections occur at the shock tube walls.
Visual observations of a light source placed inside a metal
tube of rather low quality surface finish indicate that wall re-
flections can substantially augment the radiant intensity
over its value in the absence of reflections. This crude test
suggests that a. more quantitative evaluation of the influence

Table 1 Selected gaunt factors for argon I

e #/2 for lPi argon (Ref. 24)

X(A)

2900
2600
2300
2000

0.
0.
0.
0.

.00
01
.04
.09

8000°K

0,
0
0
0.

.40

.20

.10

.033

£0̂ ,T)

0.
0.
0.
0.

10,000°K

0.
0.
0.
0.

,55
.34
.19
,083

.01195
00955

. 00423
00238

(Ref. 23)
12,000°

0.
0.
0.
0.

70
47
30
15

K

of wall reflectivity may be obtained as follows. The intensity
of a stable light source inside a shock tube is measured by a
stable, linear photometric transducer as the distance between
the source and transducer is varied. The test is then repeated
with the shock tube removed and care is exercised to prevent
reflections from any surface or light from any foreign source
from reaching the receiver. We then define the reflectivity
function, r(ri), as the ratio of the intensities measured with
shock tube present to intensity measured with shock tube
absent. Ideally, the effective frequency content of the light
source should conform, in turn, to the various frequencies
which cause photochemical effects. This proves to be nearly
impossible because the resonance radiation of argon corre-
sponds the frequencies for which light sources, window ma-
terials, and transducers are either nonexistent or difficult to
use.

We have performed crude measurements of the shock tube
reflectivity function using a light source of one centimeter
diameter, a receiver with a sensitive area of 2 cm diam, and a
monopass filter which passes radiation at 4190 A. We found
the reflectivity function was approximately expressed by

/ \ /~Y /^f ^.^ C) /QO\
T(JI) = Or!77 — Cr2 77 <> & WW

For a round, steel shock tube we found Cri — 1.11 and
Cr2 = 1.0. A square aluminum tube was found to have a
lower reflectivity at large 77 by factor of seven, but reflectivity
was again linear in rj.

We multiply these photochemical reaction rates by
the reflectivity function to obtain the augmented rate appli-
cable when wall reflectivity is considered. In view of the
definition of the reflectivity function, the augmented rate is
obtained by replacing the geometric factors, viz., 6(77), /(ry),
and g(rj), by their respective products with r(rj).

III. Conservation Equations

We calculate the electron concentration by solving the
specie conservation equations for the argon excited atoms and
argon ions, respectively,

— u(l} dnai/dx = +$12 —
and

-uM dna+/dx = +Q2.-n«2 + Qunal

We nondimensionalize the equation by means of

02 = fta2/fta2(2), </>+ = na+/na+
(2\ and 77 = x/R

where

-Sn™, and na+^

(34)

(35)

We insert the rate constants in Eq. (34) and (35) and ex-
plicitly display the 77 dependence of the various photo-
chemical rates. We obtain

(36)
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Fig. 3 Excited atom concentration profiles.

with

R
R (1)n«2(

63 =
and

with

and

6!

(37)

(38)

(39)

(40)

(41)

(42)

For the quasi-steady solution, which can be demonstrated to
apply soon after the rupture of the diaphragm of the shock
tube, the boundary conditions are applied as follows. Equa-
tion (36) is solved for </>2 assuming that dfa/dir] = 0 at 77 =
7700 and that the only important terms are those representing
photoexcitation [b^(rj)r(ifj)] and spontaneous emission ac-
companied by radiation imprisonment (bifa). Thus, we have
$2 at 77 oo given by

02(77) = (b^/bi) f(vi)r(ri) (43)

When the full Eq. (36) is solved, we find that </>2 is given with
good accuracy by Eq. (43) over a moderate range of 77. Thus,
the concentration of no2 is primarily controlled by the rates
of photoexcitation and de-excitation by spontaneous emis-
sion with radiation imprisonment. Furthermore, since the
derivative term proves to be small, we may describe the ex-
cited state generation as purely photochemical in nature,
i.e., a stationary light source of the same frequency content
as the shock front would produce the same excited atom
distribution.

The boundary condition for Eq. (40) is applied by setting
0+ = 0 at 77 = 77^. The value of 770, should correspond to the
distance from the equilibrium region at the time it is first
''fully developed'7 to the point in the precursor region where
measurements are performed. This distance is not easy to
estimate, but we find the ion concentration is insensitive to
the value of 77^.

IV. Some Numerical Results

In the numerical results that are presented below, the dis-
tance between the shock front and the contact surface in the

shock tube is given by the following dimensional expression,,

L = ̂  + L2 = 4.84 PWR*[1 - (M - ll)/29] (44)
where P(1) is in torr, and R and L in cm. Equation (44) is
developed from MireFs theory27 for test time in argon-filled
shock tubes where, when PiR < 6 torr-cm, a laminar wall
boundary layer persists.

The length of the collisional relaxation region, LI, is given by
logioCP^L/t*'1') = 0.368 X 10+5 /TAG - 0.634 -

0.00846 £f (45)
where TAo(°K) is the frozen flow temperature behind the
pressure discontinuity, and the impurity level, #, is in ppm.
This equation is fitted to the theoretical predictions of
Chubb28 for pure argon and also fitted to the experimental
measurements by Petchek and Byron29 and Wong and Ber-
shader30 for impure argon.

In Figs. 3 and 4, we show some excited atom and ion con-
centration profiles ahead of a shock wave at M = 12 in argon
in a shock tube of 1 in. diam. Additional parameters
relating to the calculations presented in Figs. 3 and 4 are pre-
sented in Table 2. Energy levels for argon have been taken
from Moore31 and the oscillator strength, /, of 0.200 given by
Knox32 for the lPi state of argon was used. The impurity
level, which within the context of the present model influ-
ences excited state level only insofar as impurities affect the
position of the equilibrium front, has been chosen somewhat
high in order to assure the attainment of equilibrium at the
lowest pressures. At the highest pressure, we violate the cri-
terion for applicability of laminar boundary layer theory in
predicting the length of the test gas L. With this exception,
the calculations are for conditions that can be achieved in a
double diaphragm or combustion-driven shock tube. For all
calculations given below, we used a value of 150 for 77^ and
the reflectivity function given by Eq. (33) with constants as
previously cited. Shock jump conditions were taken from
DeLeeuw's report.33

When Eqs. (36) and (40) are solved, we find that a) the
effective radiative de-excitation rate, g^A^ is much higher
than de-excitation by electron-excited atom collisions,11 and
b) the photoionization rates are much higher than collisional-
radiative recombination rate given by Chen.34 Thus the pro-
duction of excited atoms is simply a balance between photo-
excitation and spontaneous emission with imprisonment.
Photoionization is then simply the integrated effect of one, or
occasionally the combination of two, photoionizing reactions.

ARGON AT 297°K
M = 12 R = 1.27 cm.

£ 7 -

10 20 30 40 50 60 7O

Fig. 4 Argon ion concentration profiles.
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Table 2 Additional parameters relating to Figs. 3 and 4 (shock Mach number
3.85 X 10+5 cm sec"1, d - 1.12)

12, T<» = 297°K, R = 1.27 cm, m =

n0i(1) X 10+16 (cm-3)
•£J
TR

LI, cm
L2, cm
TW, °K
SH&

0.1

0.325
1000

0.140
0
0.8

9246
19.78

0.3

0.975
1000

0.420
0
2.3

9611
19.03

pu) torr
1.0

3.25
200

1.40
2.0

5.5
10,059

18.18

3.0

9.75
200

4.21
0.7

21.9
10,484

17.45

10.0

32.5
200

14.0
0.2

75.2
10,959

16.69

The results depicted in Figs. 3 and 4 can be best rationalized
by seeking solutions to Eqs. (36) and (40) in the limit 77 2 » 1
when they can be solved explicitly. We obtain from Eq.
(43) for 772 » 1 when f(rj) ->• f ??~2-5 and r(n) -+ Crii?, the fol-
lowing expression for the concentration of excited atoms

na2 = (46)

The dimensionless distance rj is converted to f = 77 — Li/R
by means of Eq. (45). Figure 3 shows that the na2 concen-
tration increases by a factor of 5 for a three-fold increase in
pd\ From Eq. (46) we find that na2 is increased three-fold
due to the increase in nai(1). The remaining factor of 1.7
is contributed by a larger value of the Planck function result-
ing from an increased T(2\

The argon ion concentration, when the dominant produc-
tion reaction is the photoionization of photoexcited states, is
found by inserting (43) into (40), setting ei = 0, and inte-
grating. For ?72 ^> 1 we find g(rj) -> l/^rj — l/\l/(rj + \f/).
The electron concentration is then found as

na+ = (0.56 1
(1))21
\

(47)

The argon ion concentration for a shock wave with M = 12
is shown in Fig. 4. At the two highest pressures, p(1) = 3
torr and 10 torr, ion concentration is by photoionization of
excited atoms and we find argon ion concentration differs by
a factor of 100. From Eq. (47) we find this factor of 100 re-
sults from a three-fold increase in L2, a nine-fold increase in
(^oi(1))2 and a four-fold increase in the temperature dependent
quantity /(Tr(2))B(^2i,77(2)).

At lower pressures the production of argon ions is pre-
dominantly by photoionization of ground state atoms. Ex-
perimental difficulty in producing equilibrium before the ar-
rival of the contact surface at low pressures is overcome by
increasing the impurity concentration. In Fig. 4, we show the
argon ion concentration for pressures of 0.1 and 0.3 torr when
the impurity concentration has been increased to 1000 ppm.
Here we find that the level of ionization produced by photo-
ionization of ground state atoms far exceeds the photoioniza-
tion of photoexcited atoms at higher pressures. This interest-
ing result suggests that experiments conducted at lower pres-
sures are necessary to reveal the characteristics normally
ascribed to photoionization of ground state atoms. These
characteristics are principally an exponential decay of argon
ion concentration with distance and spatial decay rate of
pair concentration that is pressure dependent. Corrections to
the emission of the equilibrium region due to a departure from
blackbody behavior potentially become important at low
pressures.

At low pressures when the photoionization of ground state
atoms is dominant, the ion concentration is given by setting

e2 = 0 in Eq. (40) and integrating,
pressed as

For 772 ^> 1 when r(ff)
(48) reduces to

The result can be ex-

(48)

7ri?7 and e(rf)-

(49)

Figure 4 shows an argon ion concentration that increases
with decreasing gas density. This effect will continue as gas
density decreases until na+ has an extremum with respect to
TR. For intermediate values of 77 such that rj <<C rjm yet
?72 ^>> 1 the condition for maximum electron concentration,
found by maximizing na+ as given by Eq. (49) with respect
tO TR7],

(50)

or

' = 0.431

Thus for x' = 10 cm we find the pressure for the greatest
concentration of argon ions due to photoionization of the
ground state atom is afforded when pi = 40 /* of mer-
cury provided the radiation source intensity is the blackbody
intensity. Because photoionization of ground state atoms is
effective at low pressures, we may expect large contributions
to electron density from normally present impurities that can
be ionized with photons of energy less than vn.

Experimental studies of precursor effects thus far have been
concerned almost solely with measurements of electron con-
centration. Electrons are produced not only by photoioniza-
tion of ground and excited argon atoms but, as mentioned
above, also by wall photoelectric effects and impuritj^ gases.
For these reasons we believe that experimental studies re-
quire the improved discrimination that is afforded by mass
and optical spectrometry if they are to promote our under-
standing of the precursor and other radiative effects that are
associated with strong shock waves.
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Estimation of Transfer Functions Using the Fourier
Transform Ratio Method

JOHN BURTON ALLEN*
Lockheed-Georgia Company, Marietta, Ga.

The advent of fast Fourier transform computational methods such as the Cooley-Tukey
fast Fourier transform digital computer algorithm and coherent optical Fourier transform
techniques have made computationally feasible the well-known Fourier transform ratio
method of estimating transfer functions. This method estimates the transfer function
by taking the ratio of the Fourier transform of finite length samples of input and response
measurements. First the probability density of the error term for this method is derived
in the case where the input and response are looked at as sample functions of stationary
stochastic processes. Then the probability density of the error term is derived in the case
where the input and response are transient in nature and hence must be considered as deter-
ministic processes. An averaging method is then suggested to reduce the error term and a
means for obtaining the probability that the error term is within certain limits is indicated.

Nomenclature

on = Fourier coefficient
a2 = variance of at-and fr;
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bi = Fourier coefficient
C = maximum value of the error term
D(T) = lag window
ET(&) = error term in the estimate B^M where the input

and response signals are T sec long
E'r(w) = error term in the stationary case due to random

noise
E"T(<*>) = error term in the stationary case due to systematic

noise


